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Mismatched Beams and Beam Halo

Envelope modes of beams in continuous
focusing

Envelope modes of bunched beams in
continuous focusing

Halos from mismatched beams
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.ind therelore linear space charge forces.

_mately confirmed by numerical simulations.

{-seh as LAMPF [2].

PHYSICAL REVIEW LETTERS

Analytic Model for Halo Formation in High Current Yon Linacs -

Robert L. G]uckstem : L ¥

Physics Deparrmen: University of Maryland, Cal!ege Park, Maryland 20742 ’

(Received 8 March 1994}

We construct an nmmuthn!ly symmetric 2D model for halo formation in hlgh currént jon linacs. The -

deiving term, o

o “breathing” oscillation caused by n transverse mismatch along the linde, leads to growth

" of ion amplitudes in the core through the parametric resonance. As the jon amplitude grows, its wave
number increases, enhancing the resonance. This leads 1o the formation of a balo surrounding the core.

We explore the dependence of this mechanism on the tune depression and the size of the mismatch.

" The mode! agrees well with simulations at Lo Alemos, but does not yet include the: effe.c:ts of chaos

ubservr:d in the simulationsas the tune depression becomes severe.

PACS numbers: 41.85,—p, 29.!7‘+W, 29.27.Bd

1 Introduction.—High curfent, high dity factor jon

_linacs have become increasingly attractive in recent years.

Among possible applications are heavy ion drivers for
thermonuclear energy production, production of tritivm,
fmnsmutation of radioiclive wastes, and prm.luclinrt of
radioactive isotopes for medical use.

Obviously, it is desirable to accelerate the maximum
poss:ble current in such linacs, Much work has been
done lo explore the oplimum transverse phase space dis-
idbution in such beams. [n particular, the Kapchinsky-

Vadimirsky (K-V?} distribution [1] is simplest to analyze,

since this projection into real space has a uniform density
~ The stabilily
of the K-V distribution has been analyzed and approxi-
‘Neverthe-
less it appears that, particularly at high currents, the
K-V und other equilibrium distributions evolve to ones
with rounded edges and tails. In many cases involving
high peak current, the distribution spins off a cluster of
particles in the form of a halo surrounding a dense core.
This halo is seen in simulalions as well as in aclual linacs,

collimation have been largely unsuccessful smce. lhB halos
nimost always regenerate, .

It is clear that the halos will produce unacceptnbly hlgh
levels of radioactivity in high current, high duty factor

linaes. For this reason considerable -effort has recently

been devoted 1o exploring their detailed structure and un-
terstanding the mechunism or mechinisms by which the
halos are produced [3-6]. What has been learned is that
hitlos are most likely to be produced at transition loca-
‘tions, such as where there are discontinuities in frequency,
structure geomelry, transverse focusing pattern, accelerat-

~'ing pradient and phase, elc.

In the present paper, we prcpose an analytic rnodcl

for halo formation which appears to reproduce the main °

features seen in simuiations and in actual linacs. In
paticular we consider a circular cw beam with a K-V
tore distribution and explore the motion of individual ions
passing threugh the core. Since energy trunsfer between

ions and the core can luke pluce only if the core has a time

00'31-9007/9-4/73(9)/1247(4)$06.00_ S

And efforls to remove the halo by

k)

dependent behaviar, we consider the driving mechanism
to be a “breathing” oscillation of the core, We then.

explore the resonant (parametric) interaction between the
breathing core and the ions oscillating about and through
the core. Of particular imporlance is the dependence of
the frequency of each oscillating ion on_ its amplitude,

which is related to the fraction of the osmllatmn for whu:h '

the ion is within the core.

In spile of the fact that the actual distribution’ wx]l.
. have nonlinear fieids, the use of n K-V distribution for

the analysis leads us to a very likely mechanism for the
development of the hale. In particular, the results provide
an explanation for the low density region around the core
which is suirounded by a somewhat higher density halo

ring. This explanation will probably still apply for other

self-consistent distributions.

I, Model, —-We consider an azimuthally symmclnc .
K-V core of radius a for which the equation nf mation .

of nn ion is

= o
_ t”-%-kz.t—x{;ﬁ_ :ag}. (2.1}

where the pﬁ;nc stands for d/dz, and k is the wave

. number of the transverse motion in the absence of space
. is

charge. The perveance of the beam, & == e /27 eqmu?

a dimensionless parameter proportional to the cument 7,

where e, m, and v are the charge, mass, and ion velocity, ..

and &g is the permittivily of Free r;pnce 'I'he equultcm f'or
3 is identical 10 Eq, (2.1},

We now assume a core oscnllauon of wave number pof -

the form a — a{l'— ecospz) and expand a~2 in Eq. (2.1)

to first arder in &, the relative oscillation emplitude: After . L

some algebra, Eq. (2 1) can be wntten as

U q_x = - ;x(l — T.E)@(r - ﬂ)_

2 - N
+ —;T"xcuspz@(a -, @22

where O() = 1,0 for # > O < ) and where g =
JE = kfat is lhc wave numher nf OREI”.llmn‘; within
the core, . o

" © 1994 The American Physical Socicty

29 AucusT 1994.:.
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forces. of Eq (2 2), we see that the
Lyga® = xy' — &'y = p2' s constant,

dial motion then becomes .
L Lz 4 ok 1 )
o )=-_;.2.,_(1 B —ﬁ)@(r e

e ‘ _
+ Z?rcnspz@(a - r). .

' (2.3)
3 term on the nght makes the oscmalmn wave

umber de.pend on amplitude and the second allows for
ansfer between the core and the oscillating ion.

Eqgi ' 3), we construet o simplified model by selting L =
O:arid invoking a pendulum mode] for the first term on lhe
{ghit side of Eq. (2.3) by replacing r( — a*/r?)O(r — a)
r?/a?, corfesponding to the cubic nonlinear term for
-a.pendulum (However, its 51gn is opposite from the
-conventional pendulumr since, in our maodel, 'the wave
numbet increases with i increasing, amplitude.) In addition,
“we extend the driving term to all values of r. The
i su'npllﬁcd cqununn forxis lheref'ore : - :

xcospz 24)

.._We now use the phnqc—ampllludc method by writing

to be the slowly varying amplitude and phase parameters

of the ion oscalIatmn Substituting into Eq. (2.4} and solv-

. ing for &’ and &' we obtain

V,A" = —q—a;[Azsin3w cosi — ea’sinZey cqspz]. {2.5)

o = EL[AZ sin*y — 2£&zsin'3¢rcospz]. (2.6)

- We now average over aIl rapidly varying osc:llalory terms
- with the exception of the. one with wave number 7q -p
(lhe purarmelrie resonance) and obmm

AA"—E—zAsm‘I : @7

3

= (29 — p) o {2.8)

- where ¥ = (2g9 — Pz + Za: is the phase of thls resonant

interaction. One then finds that an integral of the motion -

"e)usts enabhng us to write [7] _

: 3 C ;
A-——w-——, 2.9

. ) 8 w ‘

where w.= Az/az, A=gip - Zq)cr/x, and where the

integration conslanl C is determined by the initial values

ecos =

of w and 22, By i’esorting to the envelope equation we

- can show that p? = 447 + 21!«:/:12 for the breathing mode,
~ so that o o
) I
1 +J + kg8 f2"

(2 10)

Awherc q/k is lha tune depressmn caused by the spnce- '

1248

= to' understand the role of the different terms in

e gAcosiy, where if = gz + e, im-
plymg A'singr + Ao cns:,b = 0. Here 4 and o are taken

charpe.
A - (1,35, and vurinps vilues ol ¢ Tore (L1 the pulnr
plol of w vs ¥ is shown in Fig. 2. 1t is clear thal g
is an unstable fixed point and {hat the origin and § are’
stable fixed points, Figure'2 is equivalent to a “second
order stroboscopic plot™ for inlegral values of pz/2w,
and contains the main features of the resonant inferaction,
Specifically, all trajectories slarting within the inner
separatrix (thick solid curve) bounded by Pand Q oscillate
in siable orbits while any trajeclory starling just outside

-will travel along the ouler separatrix (thick dashed curve), -

For these particles, as the amplitude of motion grows
the true oscillation wave number increnscs, enhancing the
resonant terti and foeking i 1o the resonance.
preserice of a thin distribution of {rajectories neal the outer
separatrix has the appearance of a halo in x — y space at
the radius corresponding to R in Figs, | and 2.

We. now drop the. -mnphhcd model and return to
Eq. (2.3). Although the algebra is far more complicated
we eventually obtnin a miore accurate \gcrsion ol Eq. {2.9)
with a very similar set of curves o Lhose in Figs. 1 and
2, First we rewrile Eq. (2.3) for the variable 5 = rz/a \
obtaining :

5" - Q+2 (7—-'{'—2)=—-2-§(s—1)®(s—-l).
2, 5 . s .

+ 4%5c05pz@(1 - 1),

(2.11)

Guided by lhe pammelrtzal:on oI‘ the x and y motions

separately, the amplitude-phase parametrization of the
two-dimensional osciliation is writlen as '

wr+ LT w1

pATL 2w @12
Here w and 7y are slowly varying amplitude and phase
paramelers which would be constant if the right side uf
Eg. (2. Il) vanished. We now wrile

il 12

s'=g
and use Eq (2 11) and lhe rcqutred conneclion betweeu

cos{2gz + 7).

s5in(2gz + )

w'and " implied by Eq. {2.13) to obtain explicit expres-

sions for w' and . We then*averuge over oscillutions ul

[ £cos ¥

In Fig: T we plot ¢ casW Vs 1w lor r}/.( = 0.4(2,

-

And the .

@1y
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where f(w) = (w* + 12 )/2w
Here . L

¥
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1.0 057 g pos
0 A N
-0.2
FIG. 3. Plot of ecos'l ¥s w fnr the exacl mudcl with A =
035 L =10 -
by 0.5 1.0 T
FIG. 2. Polur plot nf’ o vs W for the trajectaries correspondmg flL) ffffdx dy dx! dJ’ S(x + ¥

In lhe parnmetric resonance usmg A=1035 =0 1 and the
sunpllﬁud model. :

alt wave numbcrs except 2g — p, being careful to mclude

‘the step functmns as we obtain these averages. The final

equations for w' and ' [ = (2q — plz + 7] are simi-
lar to Bys. (2.7) and (2.8) and agdin lead to an um.g,r.ll of
the motion, which now is :

g(l — !z)scos‘F fA —t=c, (2.14)
gw) = (w? — L3)/2w.

whw) = wa*1[e/ (1~ fY] + €1 — /28 (.15)

for w = 1 and £(w) = J(xu - ])tw — LY /w. Also

r(w) —-_"/-lu' ::':[ )ml'l ("i"—f'_f”)

. ?.Ll.'
0
+fE+I..tn (f L)] (2.16)
for w=1, and h{w) = t(w) =10 for w =1, The arc-

Iangenls are taken to be in the first or second quadrant.
The term in 6(w) comes {rom the amplitude dependence
of the ion wave number, ‘A more accurate expression for
b(w) can be obtained, if nacessary, by solvmg Eq. (2.6}

“with € = 0.

Since the resonance wnll have its greatest effect when
L = 0, corresponding to ion orbits which pass through the
core cenler, we present a plot of ecos'W vs w for A = 0.35
and L = 0 in Fig. 3. The patlern of curves is very similar
to that in Fig. 1, and the w, ¥ polar piot in Fig: 4 for
& = 0.1 has the same topology as for the simple model in
Fig. 2, as is also the case for L # 0. But the scale for w
is aboul 7 times lurger, corresponding to a dt.luning with
amplilude aboul 7 times smaller than lhul glvan by the
/B factor in Eg. (2.14).

HI, Distribution of L in a symmetric K-V beam. ---The
distribution in L for a K-V beam is proportional to

- the presence of the resonant interaclion.

LR O

qz o az)B(x"y - xy’ ‘— Lga®).

space and follow this by integrating over the polar angles
in the nv' and v’ spaces. This leads to

f(L)—ufn dsfo a‘rb‘(s—f—r—l)a(%—L)_

1, 2Ll <1} - .

=10 3 1} ea

where s = u? + (v"? and t = v? + ()% are bath pnsmve
Therefore the distribution in L for a K-V beam is uniform

from L = —1/2 to L = 1/2 and vanishes for |L| > 1/2.
IV. Implications of the model —Since the breathing
K-V beam is a solution of the Vlasov aquatlon, particles
within the core will continue to remain there, even in

™

el
.o ’ ‘ H-LEh) 5
. ‘ .
-1 1y E
N
gl RN /
2 \\\ B D /’
N ‘ e ./’ :

| =3F . S e

B e e e M 1
FIG. 4. Polar plol of w vs ¥ for the trajectories corresponding
to the parametric resonance using A = 035, L =10, e = DI
and the exact model .
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Co@an
We ﬁrst do 45° rotations from the x/a ¥'/ga space to the ,
‘i, 1/ space and from the y/a, x'/ga space to the v, v

If however,.

\
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_'some other mechanism moves the particle outside the -
. core, particularly (o an oscillation amplitude exceeding
- that corresponding to the points £ or @ in the figures,
y 2 halo will develop at a radius corresponding to point

R in the figures. The most likely mechanism to do

‘this is an instability associated with a nonlinear density

perturbation. In addition, simulations show that chaotic
motion ' develops near point @ in the figures for a
large nmphluda breathing mode at high current, enablmg
parlicles in the core to populate the halo.

V. Summary and discussion.—We considered a sym-
“metric K-V beam undergoing a breathing mode and found

that the parametric resonance (2g = p) is a vehicle for

“particles to leave the core of the beam and perform ex-

cursions to large amplitude, forming a distribution in real
space in the form of a halo. In this calculation, we ne-
glected the éffect of high frequency terms, and the ef-

- "'fect of other possible resonances and driving oscillations.
- Thus our model; which successfully deseribes a mecha-

" “nism by which halos can and probably do form, is anly an
- approximation (o a much more complicated situation,

We huve coriipared our predictiong with some prelimi-

.nary simulations performed for L = 0 by Wangler [8],
. “#nd find that, for tune depressions from g/k = 1 to 0.6,
" the topclogy of the stroboscopic plot resembles Figs. 2
.-~ and 4 very closely. For tune depressions below 0.6, the
- stroboscopic plot shows the onset of chaotic behavior in
“"an ever widening band near the inner separatrix as the
: ‘tune depression deepens. Particles inside but near to the
- inner geparatrix are then able to move outside the inner
W% separatrix and participate more easdy in the develuprnﬂm
Ll of the halo.

Wnugler 5 qnnulnlmnq uqlug a K- V heam [B] conlirm

that core ions always remain within the inner sepuratrix.
- Tt is quite posmble for core ions to lie outside the

" equivalent inner separatrix for nonuniform equilibrium

-

‘bearns as well.

charge density distributions. We therefore expect the halo

" mechanisms in the present mode! to apply to non-K-V
Lagniel's simulations [6] give similar -

results, showing the onset of chaos for high space charge
as well as the similarity with. the three-body astronomical

* .problem.
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Our preqenl model is- unable 1o desr:nbc mther dnffusmn
or chnos in the w, Vr phase space.
to do so we would have 1o include the ncglecled high

frequency terms, s well as resonances other than the one .
Integrals of | :
the motion corresponding o Eq. (2.14) would no longer {
be valid. Descriptions of the growih of halos mc]udmgf
the effects of chaos and diffusion will require furtherfi

corresponding to the parumf:lnc TCHONUNCE.

analysis and/or extensive numerical simulations. L
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